Dr Juan Rojo Quantum Mechanics 2: Lecture Notes February 25, 2021

X
RS | VRIJE
X V U UNIVERSITEIT
m°

UNIVERSITEIT VAN AMSTERDAM

AMSTERDAM

Quantum Mechanics 2

Dr Juan Rojo
VU Amsterdam and Nikhef Theory Group
http://www.juanrojo.com/|, j.rojo@vu.nl
Current version: February 25, 2021

4 Chapter 7: Time-independent perturbation theory

Learning Goals

e To determine in a systematic manner the higher-order corrections to the energies and state
vectors of an unperturbed quantum system by means of perturbation theory.

e To assess the criteria that determine the conditions whereby a certain perturbative expansion
can be expected to be convergent.

e To identify the conditions of applicability of the perturbative techniques in the case of degen-

erate spectra.

e To compute the first non-trivial corrections to the energy levels of the hydrogen atom,
arising from relativistic effects and from the spin-orbit interactions.

In this section of the lecture notes we present the main concepts discussed in Chapter 7 (“Time-Independent
Perturbation Theory”) of the course textbook. The goal of these lecture notes is to provide a self-
consistent study resource for the students, which is then complemented by the live lectures (and their
recordings), the tutorial sessions, as well as their own study of the textbook. The relevant textbook sections

are indicated below, material from other sections not listed there will not be required for the examination.

Textbook sections

e 7.1: Non-degenerate Perturbation Theory.
e 7.2: Degenerate Perturbation Theory.

e 5.3: The Fine Structure of Hydrogen.
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The number of quantum mechanical systems that can be solved in an analytic closed form is unfortunately
rather small. With a few exceptions, in general we will need to carry out some approximation in order to
solve a given problem in quantum mechanics. The virtue of perturbation theory is that, starting from the
known solutions to a simpler (“unperturbed) problem, it makes possible determining systematically and in a
fully controllable manner the corrections that modify the unperturbed results. In other words, perturbation
theory is a systematic procedure for obtaining approximate solutions to the perturbed problem, by building
on the exact known solutions to the unperturbed case. The higher the number of terms we include on this
series expansion, the better our estimate of the full energies and wave functions will be. Perturbation theory
is extremely valuable in quantum mechanics, and here we will illustrate its use with different examples
including the calculation of the fine structure of hydrogen.

4.1 Non-degenerate perturbation theory

Let us assume that we have some quantum system that we have been able to solve exactly. Some instances of
exactly-solvable systems that you have encountered so far are the infinite square and spherical well potentials,
the quantum harmonic oscillator in 1D and 3D, and the hydrogen atom. By solving the system we mean
finding the eigenvalues and eigenvectors of the corresponding Schroedinger equation, which in full generality
can be expressed as

HO”) = B ). (4.1)

where the superindices (%) indicate that these are the exact solutions to the unperturbed Hamiltonian

HO Ag usual, the eigenvectors of this unperturbed Hamiltonian will be orthonormal,
(W) = o (4.2)

The exact solutions of the unperturbed Hamiltonian Eq. (4.1) are a necessary starting point of the pertur-

bative method: if these are not available, the perturbative expansion is not applicable.

Degenerate vs non-degenerate problems

Although it might not seem a big deal at this point, the derivation that follows is only guaranteed
to work if the unperturbed Hamiltonian H©O has associated a non-degenerate spectra where if
j # k then E,io) #* E](O). The presence of degeneracies in the energy spectrum introduces problems

that we will discuss how to tackle later in this chapter.

Now consider that we modify the original potential in the unperturbed Hamiltonian Eq. (4.1) in the following
manner
Viz)=VO(x)+V(x), (4.3)

where 0V (z) is some small correction with respect to the original potential energy V(%) (). We will quantify
soon what exactly do we mean by this “smallness” requirement. We want to solve the new Schroedinger

equation in terms of the new eigenvalues and eigenvectors
H|y) = Ey|yn) where H=HO +5V(z) (4.4)

where we have removed the superindices to indicate that now eigenvalues and eigenvectors refer to the full
Hamiltonian. We will do this by using perturbation theory under the assumption that 6V (z) will only

modify in a moderate manner the original eigenvalues and eigenvectors (of course, if you know how to solve
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exactly Eq. (4.4)), perturbation theory is irrelevant!).
With this motivation, let us express the new, perturbed Hamiltonian as

H=HOY ¢ \H', (4.5)

where A is a small dimensionless parameter. Note that the kinetic term is not modified by the change in
the potential energy, and hence we will have that NH' = 0V (x). Since X is a small dimensionless parameter,
it seems sensible to express both the new wave function and the corresponding energies in terms of a series
expansion in A, starting from the original (unperturbed) values:

) = [0) + AR + X)) + 0 (3
E, = EP +XED +NEP +0(X%). (4.6)

Some comments about this expansion are relevant now:

. |¢§Ll)> and E(M) are known as the first-order corrections to the state vector and the energies, |1/J7(12)>
and E® are known as the second-order corrections and so on.

e Each subsequent term in this series is suppressed by a factor of the small expansion parameter A\ as
compared to the previous one

e The more terms in the expansion in A we include, in principle the better estimate to the full result
that we can expect. The number of required terms to obtain a reliable approximation depends, among
other things, on the value of .

e If )\ is small enough, this series expansion is guaranteed to represent a good approximation: in the
A — 0 limit then H — H© and the wave function and energies reduced to the original (unperturbed)

values.

We can now try to insert these perturbative expansions, Eq. (4.6) into the original Schroedinger equation,
we thus obtain:

(H(O) + mf) (yw,g% + A0 + N[ @) + . .) (4.7)
- (E}ﬁ) FAEWD + N2ED 4 ) (\wﬁ”} + A0 0DY + 22D + ) (4.8)

The key idea underlying perturbation theory is to collect terms at the same order in the expansion in
the small parameter A\, and solve the corresponding equations in a sequential manner: first we solve the
corrections to the energies and the state vectors at O (A), then at O ()\2) and so on. Recall that O ()\0)
corresponds to the unperturbed result which we assume has already been solved/

By collecting the terms proportional to A%, A!, and A% we find the following relations:

Ay = BPe”)  [order \°] (4.9)
HOWMY + 19"y = BOg) + B w”)  [order A'] (4.10)
HOWOY + 19Ny = EQ @)+ EPeDY + EP g [order A2] (4.11)

14 Actually in many cases the perturbative series are only asymptotic, meaning that at some point including higher-order
terms in the expansion degrades, rather than improves, the agreement with the exact result.
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The first of these relations, Eq. was our starting point (the Schroedinger equation for the unperturbed
system, we we assume to be solvable and known). Solving Eq. will allow us to evaluate the first-order
corrections to the unperturbed state vectors and the energies.

Notice also the neat property of the perturbative relations: the equation for E,(Cl) and ’1/1121)> relies only
on the knowledge of E,(CO) and |w,(co)>, while the relation for E,(f) and |¢,(€2)> relies on the knowledge of both
E,(CO) and |1/),(€0)> as well as E,(Cl) and ‘77/1,21)) This structure indicates that the perturbation theory technique
must the applied in a sequential manner: unless I compute the first-order corrections, there is no way I

may attempt to evaluate the second-order corrections.

4.1.1 First-order perturbation theory

Given that the leading order (unperturbed) problem is solved, let us now attempt to solve Eq. (4.10) and

determine the O(\) corrections to the energy E,(Cl) and the state vector |1/),(§1)>, and use them to improve the

unperturbed O(A\°) results. The starting point is Eq. :
HOWL) + 1|07 = B [0) + B [”) (4.12)
We can now multiply from the left by the bra <1/),(€0)| to obtain the following scalar equation
(PO OO + (6@ ]9 = BO (6o + O (oo (4.13)

The braket in the last term gives just unity since the eigenvectors are normalised. Furthermore, we can use

the property that the Hamiltonian is an Hermitian operator to write

(2| BOWY) = (AW |u) = B () u”) (4.14)

and therefore we can express the relation in Eq. (4.13) as

Ez(go)<1/),(€0)‘1/),(€1)> 4 <¢;§0)'ﬁ/¢1§0)> _ E;go)<¢;(€0)’¢;(€1)> + BEW, (4.15)
which gives us the result for the first-order corrections to the energy
E =< ;io)’ﬁ’ ;(CO)>7 (4.16)

that is, the matrix element of the perturbed Hamiltonian evaluated by means of the unperturbed (original)
eigenvectors. Note we since we know both the explicit expressions of the eigenvectors |¢1(€0)> and of H', we
can always evaluate this quantity since we don’t need to solve any equation before. We thus find that the
first-order correction to the energy is the expectation value of the Hamiltonian perturbation

in the original states.

Perturbative corrections to the infinite well potential. Let us illustrate this important result with
an specific example. Assume that we have a particle confined to the infinite square well of width L. We
have extensively studied this system in the present course, and at this point we probably know by heart the

expression for its eigenfunctions and energies:

2 2 2h2
v (2) = |/ 7 sin (?) , EO= WerB . n=1,2,3.... (4.17)
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Consider now that we modify the original infinite potential well V'(x) with a sinusoidal correction of the form

§V(z) = AVj sin (”Lﬁ) . (4.18)
This correction has the same shape as the ground state of the system, and in particular vanishes at the
edges of the well and has a maximum for x = L/2. In this perturbed potential, A is some dimensionless
parameter, while V7 has units of energy and is responsible for the strength of the perturbation. For
perturbation theory to work, A must be small in some sense, and we will quantify below what this implies.

By means of Eq. , one can compute the first-order correction to the energy levels of this quantum
state in terms of the following trigonometric integrals:

Er(Ll) = <¢7(10))FI/T/J£LO)> = <¢7(10)‘V1 sin (%) w,(lo)> = % /L dz sin? (@) sin
0

. (%) (4.19)

By using known results for these trigonometric integrals, we can evaluate the first-order corrections to the
first energy levels and find, in terms of strength of the perturbed potential V;, and hence to obtain that at
O (A) in the perturbative expansion our estimate for the full energies of the system will be:

(1) _ 8V1 -~ . 7T2h2 8V1
By = - =08V = Bi=g st Ao,
(1) o 32‘/1 -~ o 47T2h2 32V1
By = T ~068Vi o By=g o+ AT (4.20)
72V 9n2h? 72V
EWY = L ~0.66V; Ey=—— =1
3 357 LT BT s

You can evaluate the first-order perturbative corrections for higher excited states using the same approach.
At this point we are ready to answer an important question: in which respect A is supposed to be small
for perturbation theory to work? We have found that in this system, at first-order in the perturbative

expansion, the energies of the eigenfunction are modified as

m2n?h?
2mL?

E,=EY +XE(N + 0 (\?) = +AF VL 40 (X)), (4.21)

with F}, being the numerical values defined above from the overlap integral,

F, = E/OL dz sin? (?) sin (%) = 0(1), (4.22)

Perturbative convergence criterion

For this perturbative expansion to make sense, the first-order correction should be smaller
than the unperturbed result. Therefore, the convergence condition of the perturbative series

is that
ALV

wznz famiE <! (4.23)

and therefore the condition that A must satisfy to be considered small is

m2n2h?

A T
S OmIZEV,

(4.24)
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In particular, the stronger the size of the perturbed potential, V7, the smaller than A needs to be for the
perturbative expansion to make sense. We also note that the convergence condition for the parameter
A depends on the principal quantum number n, and for very excited states the condition is less stringent
than for the ground state. This makes sense, since we have seen that this potential induces approximately a
constant correction to the energy levels irrespective of n but the unperturbed energy levels increase with n?.

Finally, one can formally define the validity of the perturbative regime by the condition A = 1, and in

this case we have that
m2n2h?

Vie 0o
YT omI?E,

(4.25)

For a given value of the principal quantum number n, if the strength of the perturbed potential V7 is larger
than this value then perturbation theory is completely unreliable and one needs to attempt to solve this
problem by using other methods.

First-order corrections to the state vectors. Eq. provided us with the result for the first-order
corrections to the energies. We want now to evaluate the first-order correction to the state vectors using
a similar strategy, and hence complete the first-order perturbative calculation for a general quantum system.
The starting point will be the same relation that used for the calculation of the first-order corrections to the

energies:
HOWD) + H' ) = BEP ) + BV [) (4.26)

which can be also be expressed as
(B~ ED) 160) = (58— 1) 1), (a21)

Note that the RHS of Eq. is known, and formally what we are dealing with is a second-order inhomo-
geneous differential equation for |¢,§1)).

Instead of trying to solve this equation directly, I will use the fact that the unperturbed eigenvectors
form a complete basis in this Hilbert space, and thus I know for sure that I can expand \w,(ll)> as a linear

combination of the {|¢](0)>} in the usual manner:
CREDIC RN (4.28)
J

where we have explicitely indicated that for each value of the principal quantum number n we will have a

different set of coefficients {cgn)}. This way, we have transformed the problem of determining the correction

to the quantum state |’(/J7(L1)> to that of finding the corresponding coefficients cg-n) of its linear expansion.

If we insert this linear expansion into Eq. (4.27), we obtain
(B - BO) |3l | = (BD - 7) [p®). (4.29)
J

but we know how to evaluate the LHS, given that the |w§0)> are the eigenvectors of the unperturbed Hamil-

tonian with eigenvalues E,(lo) and hence

( 0 _ E7(lo)> S| = 37 el ( O _ E7<10>) By =3 el (EJ@) - E,gO)) {7y, (4.30)
J J

J
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A crucial observation, as we will discover soon, is that the term j = n does not contribute to the sum since
then (EJ(O) — ET(LO)) = 0, and hence we can write

(ﬁ(o) B Eﬁ,@) chn)|w§0)> _ chn) (Ej(o) . ET(LO)) |?/J§O)>' (4.31)

J j#n
Taking this result into account, I find that Eq. (4.29) gives me:

S (B - B9) ) = (B — A) [0i?). (132)
J#n
For reasons that will become obvious in a second, let me now multiply this expression from the left with
(0) : ves me:
the bra (¢, |, which gives me:

) (010 1) ()= (] (- ) o) 459
J#n

Due to the orthonormality properties of the unperturbed eigenstates, the LHS will only be non-zero is [ = j:

Sl (B0 = EO) (50ef”) = S (B — ED) 0y = o (B0 - BD) (£ (434)
J#n J#n

Using this result, Eq. (4.33) simplifies to

o (B = EO) = (] (B = ) @) = ~(vO|Aw®) (£, (4.35)
where in the last step we have used that [ # n and hence the term proportional to Eﬁll) cancels out due to
orthogonality.

But at this point we are basically done, since we have now determined the sought-for coefficients of the
linear expansion of the first-order corrections to the state vectors defined in Eq. (4.28) as

(n) < l(O) ‘Hﬁw’({))> (I #n) (4.36)
G = n). .
l E7(lo) _ Ez(o)

Note that we have all the information to evaluate them, since these are standard matrix elements of the
perturbed Hamiltonian H’ evaluated in the unperturbed states. Finally, we find that the first-order cor-

rections to the state vectors are given by

O] f7©
w;1>>=2c§">w§0>>=z<m o)

NI RS FAC) 4.37)
(0) (0) ‘wj > ( ’
i#n i En B

Note that in this expression the denominator is only non-zero (and hence the expression for |1/J7(11)> well
defined) provided that the unperturbed spectrum is non-degenerate.

If instead the perturbed spectrum is degenerate, with two or more different eigenvectors j # n sharing
the same energy eigenvalue, EJ(O) = E,(lo), then we are in trouble since the denominator will vanish for some
elements of the sum rendering the calculation meaningless. We will discuss below how to tackle this situation,

which will require the formulation of degenerate perturbation theory.
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The perturbed infinite well revisited. Let me compute now the first-order perturbed wave functions
corresponding to the perturbed infinite well potential that we considered above, and where the unperturbed
results were given by Eq. . For simplicity, I will limit this calculation to the ground state, and hence
what I need to compute is
(0]
|¢§1)> B Z £O _ O ‘¢§0)>~ (4.38)
J#1 1 J

The energy difference is

2h2 7T'2 -2h2 7T2h2
E(O) E(O) 4 _ J — (21
! J 2mL?  2mlL? (7 ) 2m L2

and hence I can write, going back to the wavefunction notation which is more convenient to this problem,

0| #77,,,(0)
H'y)§ :
1) B 2mL? 1/1 ’ > jrx
1 (z) = 77252\/ Z =1 sin | 7~ | (4.40)

where I have moved all the prefactors outside the sum. The overlap integrals with the perturbed Hamiltonian

<1/JJ(- §O)> = ZLE /OL dz sin (jzx) sin® <%) , (4.41)

and these integrals can be computed, for example the first few terms in the sum give

(4.39)

are given by:

(wi|el”) = o,

(e | = —%Vh (4.42)
(o) = o

(o)) = -

and hence we find that the first-order correction to the wave function of the ground state in this problem is

1) 2mL*V; 1 sin smz 11 . (5m 4.4
Vi (@) = =g \/L [ WA T A A (4.43)

If you represent graphically these results, you can verify that the sum over j converges rather quickly, and

given by:

thus one does not need that many terms in order to produce a sensible estimate for w%l)(m).

4.1.2 Second-order perturbation theory

In the same manner, it is possible to compute the second-order corrections to the energy and to the eigen-
vectors (and eventually also at third order, then at fourth order, and so on). Let us show the explicit result
for the second-order correction to the energy, E ( ). The starting point will be Eq.

o)’wglz)> i

oY) = B0 4 B[ + E,@ngo»m (110
and let me now multiply by the bra <¢7(10)| from the left:

(WO HOfw2) + (w0 A

wg>> — ET(L0)<w7(lo>‘wr(lz)> n ET(L1)<w7<lo)‘w7(ll)> +E£2)<¢%0)‘¢%0)>- (4.45)
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By exploiting the Hermiticity of H, you can see how the first term in the LHS and in the RHS of the equation
cancel with each other. Therefore we end up with the following relation

(v

ud) = ED (o) + £ (1.46)
and hence the second-order correction to the unperturbed energies, ET(LQ), is given by

E® = <w7(lo) Vod

v) — EQ (w0 p). (4.47)

Crucially, the calculation of Eff) depends only on quantities that we have evaluated already, and hence it
should be conceptually (though often not technically) straightforward to evaluate.
wy(})> based on the results we have obtained

(v )
E7(10) _ Ej('O)

In particular, we can evaluate the matrix element <1/)7(LO)

above in Eq. 1!
wi) = <w5?> > w§">> =0 (1.49)
J#n

since the only value of 7 which would make the matrix element non-zero, namely j = n, is not included in

(vt

the sum. Therefore,

(v )
ET(lO) . E](O)

OIERONE
P :Z ‘<wj ’H/d}" >’
J EO _ p®

Jj#n J

ED = <¢§l°> il (4.49)

o) = <w£?>

is the sought-for result for the second-order corrections to the energies. Note that the overlap integrals

aHY
i#n

are the same as those appearing in the first-order correction to the state vector, Eq. l , and hence we
should have evaluated them already!

The perturbed energies at O (\?)

Putting together our calculations, we can express our estimate for the energy FE,, of the full Hamilto-

nian of the problem up to second-order in the perturbative expansion as follows

(CREEN

A 9 n

E, = O + Mu” ‘H'w,g°>> A2y R o OO3). (4.50)
J#n © Ty

Interestingly, note that the fact that perturbation theory works at the first order does not guarantee
that it will also work at the second order. For example, if we have a quasi-continuum energy
spectrum with many values of EJ(O) very close to E,(LO), then the O ()\2) correction may receive an

enhancement that could spoil the convergence of the perturbative expansion.

4.2 Degenerate perturbation theory

The perturbation theory results that we have derived so far have assumed that the unperturbed system
(defined by the original Hamiltonian H (0)) is non degenerate, that is, that each eigenvector of the Hamil-
tonian has associated a distinct energy. If this is not the case, we quickly get into problems, as illustrated
by the expression for the first-order corrections to the state vector Eq. , which diverges if the energy
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spectrum has some degeneracy (even a two-fold degeneracy makes the previous calculation unusable).
However, we know that many important quantum systems exhibit some level of energy degeneracy: for
example, a particle in a two-dimensional box, the hydrogen atom (states with the same n but different values
of [ and m are degenerate), or the situation where we have two distinguishable particles confided into a one
dimensional potential well. This situation demands to formulate an alternative approach to perturbation
theory which works also if the unperturbed system exhibits a degenerate spectrum. We will develop this
framework now, which we will denote as degenerate perturbation theory. First of all we will present
the explicit calculation for the case of a two-fold degeneracy, and then explain how this calculation can be

extended to an n-fold degeneracy.

Two-fold degeneracy. Let us start with a relatively simple quantum system, characterised by a unper-
turbed Hamiltonian H(®) with two orthonormal eigenvectors that share the same energy. This system is

therefore defined by the following relations:
HOWOY = Oy, HO”) = EOLy®), (97 0®) = 0. (4.51)

We denote such situation as a two-fold degeneracy, given that we have two distinct eigenvalues which
share the same energy.

An important property of this configuration is that any linear combination of the two eigenvectors
is also an eigenvector of the Hamiltonian, with of course the same energy. That is, if we have a general linear

combination given by

[ = cal ) + anliy”), (4.52)

with c,, ¢, being arbitrary complex coefficients, this state will also be an eigenstate of the original unperturbed

Hamiltonian, given that
HOWO) = A (o) + e[ 57)) = ca BOW®) + @ EOfp”) = EO[p®),  (4.53)

with the same value of the energy E(©) as the two eigenstates.
Assume now that we add a small perturbation to our Hamiltonian (small, since else perturbation theory

would not be applicable), which we denote as
H=H09 )0, (4.54)

where, as in the case of non-degenerate perturbation theory, we explicitely factorise the small dimensionless
parameter A (such that A’ still has units of energy). In general, we will find that adding H’ to the Hamiltonian
of the system breaks the degeneracy of the unperturbed system, in that the perturbed energies associated
to the perturbed states |¢a> and |1/)b> will become different, F, # E} once the O(\) corrections have been
calculated.

Conversely, if we start from the perturbed state vectors ’wa> and ‘¢b> and take the limit A — 0, we will
have that E,, B, — E© but in general the resulting state vectors in this limit will be different from the
unperturbed eigenvectors |¢((10)> and ’wé0)>, and will rather be a linear combination of them. This is not
unexpected since any linear combination Eq. represents an equally good eigenvector as our original
choice in the presence of degeneracy, so we have some intrinsic ambiguity.

To make sense of perturbation theory, we need first of all to identify the linear combinations Eq.
to which the perturbed state vectors |1/)a> and |1/Jb> reduce in the A — 0 limit - else I do not know with
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respect to what I am evaluating the perturbative correction.

Finding the degenerate unperturbed state vectors

We define the degenerate unperturbed state vectors |1/11> and |1,ZJ2> as those state vectors, eigen-
vectors of the unperturbed Hamiltonian H°, which are the A — 0 limit of the associated perturbed

state vectors. In other words, we have that

lim [¢,) = [¢1)  (with energy E, — E(©), (4.55)
A—0
lim [¢y) = [t)2) (with energy Ej, # E, — E©), (4.56)
A—0

where both ’z/)1> and ’¢2> have associated energies E(°) and are constructed as linear combinations
following the procedure of Eq. (4.52). These degenerate unperturbed state vectors are referred as
“good” states in the textbook, which is perhaps not the most self-explanatory terminology that could

be used.

Clearly, the applicability of degenerate perturbation theory requires first of all to determine what are these
degenerate unperturbed state vectors to then subsequently evaluate their perturbative corrections. Let

us illustrate this concept with a explicit example.

The perturbed harmonic oscillator in 2D. Let us consider here a quantum harmonic oscillator in two
dimensions. The unperturbed Hamiltonian is given by

go__ "

2 2
= ( 4 + 9 ) + %mw2 (® +9%) . (4.57)

2m \9z2  dy?

We can now perturb this system by adding a small correction to the Hamiltonian,
MH' = dmw?zy (4.58)

which induces as one can see a coupling between the oscillator modes in the x direction and those in the
y direction, which in the regular 2D quantum harmonic oscillator are fully independent and can be treated
separately as two 1D oscillators.

The ground state of the unperturbed system (n, = n, = 0) is non-degenerate and has energy F = fw.
However, the first excited state will be degenerate, since the two different eigenfunctions with (n, =
1,ny = 0) and (ny = 0,n, = 1) will have the same energy, F = 2hw. Clearly, this is a situation for which
non-degenerate perturbation theory breaks down.

One possible basis for these two degenerate states will be given by the product of the z-direction and

y-direction wave functions with quantum numbers (n, = 1,n, = 0) and (n, = 0,n, = 1), namely

2 2 2

U0 () = dola)pr(y) = | = Eye el (4.59)
2 mw —mw(z? 2

() = w1 (x)to(y) = \/; e (@+y%)/2h (4.60)

However, as mentioned above this is by no means a unique choice, and any pair of normalised orthogonal

Page 92 of



Dr Juan Rojo Quantum Mechanics 2: Lecture Notes February 25, 2021

linear combinations

O(z,y) = DO (@, ) + V0 (@,y), v (@,y) = PP (2,y) + V0 (2,y), (4.61)

would represent an equally good basis, given that these linear combinations are also degenerate eigenstates
of my Hamiltonian and have the same energy F = 2Aw. If we are to apply perturbation theory, we need
to find the degenerate unperturbed eigenfunctions, that is, the combinations %0) (z,y) and wgo) (z,9)
which correspond to the A — 0 limit of the perturbed wavefunctions.

This example is particularly interesting in that the perturbed state can be solved exactly by rotating
to a coordinate system such that

;_ Tty y_ =Y
7 = .y = , 4.62
N ARG (4.62)
where you can show that the Hamiltonian is transformed as
. h? 0? 0? 1 2 1 2
HO = —— ( 2o+ = ) + m(1+ Nw? (@) + Zm(1 — Mw? (). 4.63
o (s + ) + (14 AP @)+ (1= 0 (4) (4.63)

which is of course nothing but two independent (decoupled) harmonic oscillators with the frequency wy =
w1+ X. Here again we see that A must be a small number: for A > 1 the system stops even being a system
of harmonic oscillators and becomes something completely different. This is another way of visualizing the
convergence criterion of the perturbative expansion.

Expressing the perturbed Hamiltonian in this manner, it is clear that the exact solutions for the

two-body system wave functions are

(@' y) = ¢l (@) (), (4.64)

where 9;F" is the n-th eigenfunction of a 1D harmonic oscillator with frequency wy = wv1+ X and ¢, is
the [-th eigenfunction of a 1D harmonic oscillator with frequency w_ = w+v/1 — A. The energies associated

to these exact solutions to the perturbed problem are given by:
1 1 1 1
En = hwy (n+ 2) + hw_ <l+2) = fiw <\/1+)\ (n+ 2) +\/1—)\<l+2)> . (4.65)

Crucially, we see that the exact energies of the perturbed problem are now non-degenerate: every inde-
pendent combination of the quantum numbers n,[l will have associated a different value of the energy F,;.
Furthermore, in the limit A — 0 we recover the original unperturbed quantum system and in this case the

energies as we knew are degenerate, since
lim B,y =hw(n+1+4+1), (4.66)
A—=0

and hence any combination of n and [ for which n + 1 is constant will be degenerate and will have associated
the same energy.

In Fig.we display the exact energies of the perturbed 2D harmonic oscillator problem, Eq. , as
a function of the expansion parameter A\ for two combinations of quantum numbers that lead to degenerate
energies in the unperturbed Hamiltonian, namely (n,l) = (4,1) and (n,l) = (1,4) (left) and (n,l) = (3,2)
and (n,l) = (2,3) (right). One can observe how in the A — 0 limit one recovers the degenerate unperturbed
energies of Eq. , and how the perturbative correction breaks this degeneracy for A > 0. Actually,
note that beyond the first excited level of the system the degeneracy is larger than the two-fold one we are
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Figure 4.1: The exact energies of the perturbed 2D harmonic oscillator problem, Eq. , as a function of the
expansion parameter \ for two combinations of quantum numbers that lead to degenerate energies in the unperturbed
Hamiltonian, namely (n,l) = (4,1) and (n,l) = (1,4) (left) and (n,l) = (3,2) and (n,l) = (2,3) (right). One can
observe how in the A — 0 limit one recovers the degenerate unperturbed energies of Eq. (4.66), and how the
perturbative correction breaks this degeneracy for A > 0.

interested here, so we will focus here only on the first excited state.

Since it this case we know what are the exact wave functions that solve the perturbed problem, Eq. ,
we can take the A — 0 limit and find the relevant degenerate unperturbed eigenfunctions to be used
for the perturbative calculation of the energies. Rotating back to the original coordinate system (x,y), we
obtain the following result:

lim Yo (z,y) = lim o ("””\j;’) oy (m\;;) (4.67)

L EMWT Y ey j2n _
™ h 2

and likewise for the orthogonal combination:

(—MS‘” + wéo)) (4.68)

Sl

lim ¢10(,y) = % (w&°><x, y) + 0y (x, y)) (4.69)

Therefore, we find that, for this specific problem, the “good” states of the unperturbed Hamiltonian, to be
used in a perturbative calculation, are given by:

1

V2

that is, these represent the A — 0 limit of the eigenstates of the perturbed Hamiltonian. Thus they are

W@y = — (U @) £ elP(y)) | (4.70)

the correct baseline upon which to evaluate the perturbative corrections to the energy and the state vector
of the system.

As will be shown below, if we know what are these “good” degenerate unperturbed eigenfunctions we
can apply perturbation theory without the fear of obtaining unphysical results.
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Degenerate perturbation theory. In general, we will not know in advance what are the suitable degen-
erate unperturbed eigenfunctions to be used in the perturbative calculation. For this reason, in the following

we will keep the coefficients of the linear combination « and 5 as free parameters

@) = alul®) + |8, (4.71)

and show how we can determine their values from a direct calculation.

As in the case of non-degenerate perturbation theory, our goal is to take the perturbed Hamiltonian
H=H f A, (4.72)

where X is a small adimensional parameter, and express both the new state and the corresponding energies

in terms of a series expansion in )\, starting from the original (unperturbed) values:

9) = [O) + AR £ X[+ 0 ()
E = EBEO4AEW 4+ N2E® 1+ 0(\3). (4.73)

Note that here we have suppressed the indices, since we are assuming the specific scenario of a two-fold
degeneracy as mentioned above. While E(© is degenerate, the perturbed Hamiltonian will break the
degeneracy and we will obtain two distinct solutions for the perturbed energy F.

We can now insert the series expansions in A in the Schroedinger equation, expand and collect terms that
are proportional to the same power of the expansion parameter A\. The first non-trivial relation that we find
is the one that determines the first-order corrections to the energy, that is

AO O 4 7

z/}(0)> _ E(O)W(l)> +E(1)‘¢<1)>7 (4.74)

which is nothing but the same equation we had in the non-degenerate case, Eq. . Now, as opposed to
the case of non-degenerate perturbation theory, we will multiply this expression from the left with the bra
<’(/J((10)’ instead of by the original unperturbed eigenvector <¢(0)| (for the reason that we don’t even really
know how to select <¢(O)‘ at this point!)

By doing this, we end up with the following expression

<¢[(lo) g<o>w<1>> I <¢go>‘g/w<o>> _ E<o><¢go>‘¢<1>> +E<1><¢510>‘¢<0>> (4.75)

Now using the Hermiticity of H©O  and introducing the expansion that defines the “good” eigenvectors

(which remember, we are trying to determine here),

@) = alu®) + gy, (4.76)
we end up with the following result:
(6O ) + (0| ") = aB® (4.77)

This result can be express in a more compact manner in terms of the matrix elements of the perturbed
Hamiltonian, defined as
Wiy = a(v®| A", ij=ab. (4.78)
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Taking into account this definition, and repeating the calculation now multiplying Eq. (4.12) from the left
with the bra <7,/}éo) |, we end up with the following matrix equation:

Waa Wab « _ E(l) o , (479)
Wia Wi B p

which is nothing but the eigenvalue equation for the matrix W. By solving this eigenvalue equation we

obtain both the first-order perturbative corrections to the energy, E(*) and well as the eigenvectors a and

B which define the “good” states of the unperturbed Hamiltonian. Note that as expected we will have two

solutions for E(M) and two for the vector (a, ) which will define the two sought-for “good” combinations.
The solution of this eigenvalue equation is provided by the characteristic equation of the eigenvalue

problem, given by

Waa = ED Way

Wha Wy, — B =0 (4.80)

If we use that the matrix elements satisfy Wy, = W, (because of the hermiticity of the Hamiltonian), then

we find that the solutions of the resulting quadratic equation will be given as follows:

1
E(il) = 5 {Waa + Weyp £ \/(Waa - Wbb)2 + 4‘Wab|2} . (481)

Again, recall that W,, and Wy, are real because of hermiticity. Hence, provided we evaluate the matrix
elements Wj;, we should able to evaluate the first order corrections to the energy and to determine the

“good” states of the unperturbed Hamiltonian.

Degenerate perturbation theory

Eq. (4.81) is the fundamental results of two-fold degenerate perturbation theory: the two roots
correspond to the two perturbed energies E(il ). We hence see how the perturbed Hamiltonian lifts
the degeneracy which is present at the unperturbed level. Note also that in the case where Wy, = 0

then the eigenvalues are trivially

B = Wao = ("

ﬁ/¢£0)> ] Ef) =Wy, = <¢IEO)

a §°)> (4.82)

which is the result obtained using non-degenerate perturbation theory, Eq. (4.16).

Clearly, if we can start from the “good” states of the unperturbed Hamiltonian, then we would have a nice

head start since we could directly use non-degenerate perturbative calculations.

The perturbed 2D harmonic oscillator reloaded. Let us verify that these findings are consistent with
our previous calculation for the perturbed 2D harmonic oscillator. To do this, we need to evaluate the matrix

elements W;; and then solve the corresponding eigenvalue equation. You can convince yourselves that

Waa://1/J£0)(I,y)lfl’wg0)(x,y)dxdy:w2/dgcx|¢0(x)|2/dyy|wo(y)|2:0 (4.83)
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since the ground state wave functions are symmetric in their argument. For the same reasoning, Wy, = 0.

The only non-trivial matrix element is the off-diagonal one:

Wao = [ [0 )6 (wg)dody =2 [ doavo@yinte) [ dyywntont) =5 @80

which can be evaluated for example using the explicit one-particle wave functions of the unperturbed Har-
monic oscillator problem.

Hence the matrix which is to be diagonalised turns out to be

1
Waa Wap | _ hw [0 ’ (4.85)

Wea Wi 2 1 0

which can be easily diagonalised and whose eigenvalues and eigenvectors turn out to be
<0)> _ 1 ( <o>> n (0)>) 4.86
W}:t \/i |wa W}b ( )
hw

Eil) — i7 , (4.87)

consistently with the results that we found before with the full analytic solution to this problem. To see
this, take the exact solution for the energies, Eq. 1! and expand for the first order in A:

Enl

(500 ) (10 2)

hw(<1+’2\) (n—l—;)—i— <1—;> (l+;)) zhw(n+l+1)+mw@. (4.88)

Now, here we were considering the two-fold degeneracy associated to (n,l) = (1,0) and (n,l) = (0, 1), so the

1

correction is

§E =\ x <ih;"> , (4.89)

exactly as we wanted to demonstrate.

The “good” states theorem

A systematic strategy to find the “good” states to be used in degenerate perturbation theory ap-
plications is the following. Consider an hermitian operator A such that {/Al, H (0)} = [/1, H } = 0.

This operator is such that the degenerate eigenvectors of HO) namely |1P((10)> and |1/J£0)> are also
eigenvectors of this operator, but this time with distinct eigenvalues, that is

A@Y = pp @Y, AOY =vjp®Y  p#w. (4.90)

Then |¢<(10)> and |wl§0)> correspond to the “good” states to be used in the perturbative calculation.

Generalisation to higher order degeneracy. The previous derivation can be generalised to deal with
an n-fold degeneracy using the same strategy. For example, let us consider the case of the three-fold
degeneracy. Consider we have an unperturbed Hamiltonian H(®) with three eigenvectors with identical en-

Page 97 of



Dr Juan Rojo Quantum Mechanics 2: Lecture Notes February 25, 2021

ergy, say |1/)((10)>, |¢l§0)>, and |7,/1£0)>. To determine the first-order perturbative corrections to the unperturbed
energy E(® we need to evaluate the matrix elements of the perturbed Hamiltonian

Wi; = <¢§O)‘f1/¢§o)>, i,j=uabc, (4.91)

and then solve the corresponding eigenvalue equation:

Wae Wap Wee @ «
Woa  Wop Wi g l=ED] 8 |. (4.92)
Wea W Wee Y Y

to determine the “good

states of the unperturbed Hamiltonian, defined in terms of the linear combination

[BO) = alyl® ) + Bl ) + v ) (4.93)

The same method generalizes to the case of an n-fold degeneracy.

4.3 The fine structure of hydrogen

We now have the tools to deploy perturbation theory to quantify the fine structure of the hydrogen atom.
By this term, we refer to a number of subleading effects that modify the energy levels and the wave functions
of the electron in the hydrogen atom with respect to those that were computed in Sect. and that are
referred as the Bohr energy levels:

me [ 2\ 1 B 13.6eV
B, = — g f , 4.94
l2h2 (47reg) n?  n? n? (4.94)

where —13.6 eV indicate the ionisation energy of hydrogen. These corrections are numerically subleading
but highly relevant for many applications in atomic physics, which require a precise prediction for the energy
levels of the hydrogen atom.

This fine structure of the hydrogen atom is composed by two effects, both of which are suppressed by a
factor o as compared to the Bohr energies, where the fine structure constant, the fundamental parameter
of the quantum theory of electromagnetism, is a dimensionless parameter defined as

€2 1

“= Ireghe  137.036

(4.95)

Note that in terms of the fine structure constant «, the Bohr energy levels of the hydrogen atom are given

by
a’m.c?

on? '

E,=— (4.96)

and as we will show below, the effects that will evaluate now scale as E(V) = O(a?).

The two component of this fine structure of the hydrogen atom are:

e The relativistic correction, which accounts for the the fact that electrons move at energies not that

far from the speed of light, and therefore one needs to consider special relativity effects.

e The spin-orbit coupling, which accounts for the interaction of the electron spin with its orbital motion
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(technically, with the magnetic field generated by the proton which “orbits” around the electron from
the viewpoint of the latter).

Here we will discuss these two components of the fine structure in turn. There exist even smaller corrections,
such as the Lamb shift and the hyperfine structure, but we will not consider them in this course.

4.3.1 The relativistic correction
Let us start by the Hamiltonian of the hydrogen atom:
2

10(e) = (—3-9* = 25 ) te) = Bute). (197)

2m - dmeqr

The first term in the Hamiltonian corresponds to the operator representation of the classical kinetic energy
T. However, if the electron moves at a non-negligible fraction of the speed of light ¢, the classical expression

for the kinetic energy will not be accurate and one instead should use the corresponding relativistic expression:
Trel = mCQ (’7 - 1) ) (498)
where we have used the usual dilation factor defined in relativistic calculations

1 v
b 4.99
c ( )

727,@, B =

We can estimate the relevance of relativistic effects of the electron in the hydrogen atom as follows. For
an electron in the ground state, its kinetic energy is of the order of T = (O(10) eV (recall that the
ionisation energy is 13.6 eV). The ratio of kinetic over rest mass then determines the dilation factor

Trel 10 eV

= =~—1 4.1
Erw. 0511 MeV |~ (4.100)

where we have entered the value of the rest mass energy of the electron. One then finds that 8 ~ 0.006,
hence the electron moves at a speed of 0.6% the speed of light: enough for its relativistic correction to
be measurable.

In order to find the operator representation of 111, and hence determine what are the relativistic correc-
tions to the Hamiltonian of the hydrogen atom, we need to express T, in terms of the linear momentum.
Taking into account that in special relativity the total energy of a particle is the sum of its kinetic and rest

energies, you can find that the corresponding expression is

P2 I p°
1 (—) -1l -—4+0(—] . 4.101
* me ] 2m  8m3c? * (m5c4 ( )

It is perfectly fine to truncate this Taylor expansion at the first order: the expansion parameter is p/mec,

Te1 = mc?

and for an electron in the hydrogen atom this is a small number as demonstrated above: it is the ratio of
its kinetic energy to its rest mass. Another way to see why this is the relevant expansion parameter is to
express the previous equation as

2 2 4
p p p
Ta=L-x(1--L _ 10 : 4102
'S om ” ( et <m4c4>> ( )

Henceforth, at first order in perturbation theory, the lowest-order relativistic correction to the Hamil-
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tonian of the hydrogen atom is given by:
4

S 8m3e2
We can thus now use perturbation theory, Eq. (4.16), to determine the first order corrections to the Bohr
energies:

H' = (4.103)

1 . R R
B = (H) =~ (v0[p'0?) = —— (P00 [50l). (4.104)

Note that the size of the perturbative correction will depend (at least) on the principal quantum number n.

In order to make progress with our calculation, we can use the fact that the Schroedinger equation for the
unperturbed states of the hydrogen atom reads

ﬁZ

o) = 2m (B, = V() [5) (4.105)
to evaluate the first order correction in the following manner:

1
2mc?

(B, =V (r)?) = 72;02 [E2 —2E, (V) + (V)] , (4.106)

qul) - _

which by inserting the Coulomb potential gives the following result:

1 Ene /1 e? 1
EW = — B2 2 (Vy ——— (= 4.107
" 2mc? { " 2meg \ T + 16723 \ r? ( )

By using the radial probability distribution P,;(r) = r?|R,;(r)|? associated to the unperturbed electronic

orbital ¥, m (7, 0, @), we can evaluate these expectation values

1 o0 , 1
<T>=/O drr|Ru(r)? = - (4.108)

()= ) ot = (o 10

in terms of the Bohr radius a. We can insert these results in Eq. (4.107) and express the result in terms of
the unperturbed energy E,(lo). The final result for the relativistic correction to the Bohr energy levels of
the hydrogen atom is

1 2 4dn 1 a?mec?\” an
B0 E©) — 3| =— ¢ -3 4.110
" 2mc? ( " ) 0+1/2 2mc? 2n? 041/2 ’ ( )

which can be simplified to read:

4 2 4n,
B = L TeC —3 4111
" 8nt |[L+1/2 ’ ( )

which as discussed before is a correction of the order of O(Eﬁl)) = atmc?.

A few comments on this interesting results are in order:

e The use of perturbation theory appears to be fully justified: the relative correction due to rela-
tivistic effects is proportional to the ratio between the unperturbed (non relativistic) energy and the
rest energy of the electron

Y BY :
o T~ 2% 107, (4.112)
Efl ) T me

Clearly, the next term in the perturbative expansion should be of the order O (10_10) and hence it is
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perfectly fine to just keep the leading term.
e In the unperturbed hydrogen atom, electronic orbitals are degenerate: all the states ., with
common values of the principal number n and different £ and m share the same energy ESIO).

This degeneracy is partially lifted by the relativistic correction, and now at first order in perturbation

theory the energies of the electronic orbitals of the hydrogen atom E,, ; depend both on n and ¢:

E,,=
* 2n? 8n4

2. 2 4, 2 4 2m.c? 2 4
_a’mec®  amec [ n } __a'mec (1 - [ n }) ) (4.113)

a (+1/2 2n2 4n2 [0+1/2

Note however that the (2¢ + 1)-fold degeneracy in m remains and it is not affected by the relativistic
correction.

e As arelated point, one might have argued that the use of non-degenerate perturbation theory was
not appropriate since, well, the electronic orbitals of the unperturbed hydrogen atom are degenerate.
Fortunately, ¥, can be shown to be “good” states for this problem, due to the rotationally symmetric
nature of the perturbation, which depends only on r but not on 6 and ¢, as indicated by Eq. .

4.3.2 The spin-orbit coupling interaction

The second contribution to the fine structure of hydrogen, in addition to the relativistic correction, comes
from the interaction of the electron spin with its own orbital motion. Recall from your electromagnetism
courses that any orbiting electric charge generates a magnetic field B. From the viewpoint of the electron,
the positive charge of the proton orbiting around it is generating an “external” magnetic field which will
interact with its spin.

Indeed, this magnetic field generated by the proton “orbital motion” will interact with the magnetic

dipole moment of the electron that arises from its spin, leading to the Hamiltonian
H=-B pu, (4.114)

which tends to orient the spin of the electron in the same direction as its magnetic field (since this is
the configuration that minimises the total energy of the system). We denote this effect as the spin-orbit
coupling or interaction, and here we will compute how it modifies the unperturbed (Bohr) energies of the
hydrogen atom. Since electrons orbiting in different directions and with spin pointing in different orientations
will receive a different contribution from this perturbed Hamiltonian, we can expect that this spin orbit
coupling breaks further the degeneracy present in the electronic orbitals of the hydrogen atom.

In order to construct the perturbed Hamiltonian responsible for the spin orbit interaction, we need to
evaluate the magnetic dipole moment of the electron and the magnetic field generated by the proton. The
calculation involves some interesting elements of classical electrodynamics combined with some corrections
which are beyond the scope of this course, for example, the electron magnetic moment p, can only be
computed in a proper way in relativistic quantum mechanics, that is in quantum field theory, and the
result is .

n, = _ES’ (4.115)

with S being the electron spin. Here we just quote the final result for the Hamiltonian responsible for this

spin-orbit interaction in terms of S and the angular momentum L:

2
H, = ( c )15 L, (4.116)

8mey ) m2c?r3
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where L is the angular momentum associated to the orbital motion of the proton around the electron, from
the electron perspective. We can now use our perturbation theory toolbox to evaluate how this perturbed
Hamiltonian modifies the Bohr energy levels of the hydrogen atom.

Adding the spin-orbit correction Eq. to the unperturbed Hamiltonian of the hydrogen atom has
an important consequence: the Hamiltonian no longer commutes with L and S separately, so spin and
orbital angular momentum are no longer conserved separately. However, H. does commute with the

total angular momentum J = L + S, so we can write

Elop)

[I?I;O,J} = [ﬁgo,iﬂ - [f{’ 5“2} =0. (4.117)

By recalling the generalised Ehrenfest theorem, hence we know that J, S? and L? will be conserved quantities
not affected by the spin-orbit interaction. This implies that once one accounts for spin-orbit coupling effects,

one needs to change the quantum numbers that label the eigenstates of the full Hamiltonian as follows:

e Unperturbed Hamiltonian H?: the eigenstates of the Hamiltonian can be constructed from the
eigenstates of 1?2 L,, 52, 89,.

e Perturbed Hamiltonian H = H°+ H/_ : the eigenstates of the Hamiltonian can be constructed from
the eigenstates of J2, J., 82, L?. So we have four quantum numbers as well, just they are different as

compared to those in the unperturbed case.

Let us use this property to determine the sought-for first-order corrections to the energy levels of the
hydrogen atom due to the spin-orbit interactions. First of all let us express H! in terms of those quantities

that are conserved upon this interaction. We can write
J2=(L+8)°=L*+5*+2S L, (4.118)
which implies that the spin-orbit coupling Hamiltonian will be proportional to:

S L= % (J? = L? - $?) (4.119)

Now, as we said before, the eigenstates of H=H+ f[b’o can be labelled by the following conserved quantum
numbers
‘nvlasaj7mj>a (4120)

where mj; is the quantum number associated to J,. Applying the S - L operator to these eigenstates returns

2

1 i)
S : L|’I’L,l,8,j,mj> = 5 (J2 - L2 - SQ) |7’l,l,5,j,mj> = E (.7(.7 + 1) _€(£+ 1) - S(S+ 1)) |nal757jamj>
(4.121)
so using that s = 1/2 we conclude that the eigenstates of the operator S - L are
(. 3
1 ](]+1)—€(€+1)—Z : (4.122)

We are now ready to compute the expectation values of the perturbed Hamiltonian. By using non-

degenerate perturbation theory (for the same reason as in the case of the relativistic correction), we can use

that [ s
so <Hso>< > < > (4.123)

8meg /| m2c? 73
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These perturbed eigenstates have well-defined values of (S - L) computed above. Recall that in the hydrogen
atom, the dependence of the wave function on the radial coordinate r factorises with the dependence on the
angular variables (6, ¢) and the spin, and hence expectation values can be computed separately. By using

the result of the expectation value of =3

1 1
— ) = 4.124
<> W+ 2T el (4.124)

we end up with the following result
2
2 i () "y
B0 _ e“h (G +1)—L(L+1)—3/4) A n(j(7+1)—£0L+1)—3/4) (4.125)
0 16megm?c? L0 +1/2)(L+ 1)n3a3 me? 0(04+1/2)(0+1) ’ '

and hence it is of the relative order, O (E,(LO) / ch), sams as in the case of the relativistic correction. Note
that Eq. can be applied only to states with ¢ > 0, since those for £ = 0 have vanishing angular
momentum and hence they do not experience the effects of the spin-orbit coupling.

Combining the relativistic correction with the spin-orbit correction, we end up with the following result

for the fine structure of the hydrogen atom:

2
E(O))
(1) ( i 4n
Ey) = - 4.12

fs 2mc? <3 j+1 /2) (4.126)

and the final result for the energies of the electronic orbitals of the hydrogen atom at O (az) in perturbation

theory are given by the following result:

o? n 3
E,=——1+—— - . 4.127
=B (1) (1127

Some comments about this foundational calculation:

e The relative effect of the fine-structure corrections is most important for the ground state of hydrogen
(n = 1), and then decreases as 1/n.

e Likewise, the higher the value of the total angular momentum j, the less important the relative impact

of the fine structure effects: for a given n, these corrections are the largest for j = 1/2.

e The degeneracy in ¢ is now broken but there is still degeneracy in j: all states with the same total

angular momentum j will exhibit the same energy.

e The “good” quantum numbers to describe the electronic orbitals of the hydrogen atom are now

n,t, s, j, mj, to be compared to those we used for the unperturbed orbitals: n, ¢, s, mg, m,.

Interestingly, let me point out that the exact expression for the fine structure of hydrogen can be
derived from the Dirac equation that describes the relativistic quantum mechanics of fermions, it can be
checked that expanding this exact result up to O (a?).

Summary

We can now recapitulate what have we learned in this chapter concerning the application of perturbation
theory to quantum systems for which a closed form analytic solution of the corresponding Schroedinger

equation does not exist.
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1/

11/

111/

v/

v/

\% 7

In the case of non-degenerate energy spectra, perturbation theory provides a systematic prescription
to improve our estimate of the energies and state vectors of the system in the case of a modified
Hamiltonian.

This perturbative expansion is controlled by some small expansion parameter, which sets the conver-
gence rate (or lack thereof) of this expansion.

The perturbation theory method applied also to systems for which the exact solution is known, and
verify that the correct expressions are obtained in terms of the power series expansion in the small
parameter \.

The presence of degenerate energy states can spoil the convergence of perturbation theory, unless we
rotate the unperturbed states to a special basis where this problem is absent.

Perturbation theory often breaks the degeneracies that affect the energy spectra of unperturbed sys-

tems, since they affect different unperturbed eigenvectors in a different manner.

Using perturbation theory we can evaluate the first non-trivial corrections to the Bohr energy levels of

the hydrogen atom, which correspond to O (ozz) terms in terms if the fine structure constant.
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